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Introduction
Let X be a simply connected Hausdor space equipped with a free Z p action (p is a prime number) generated by f p : X 3 X. Given l = (l 1 ; l 2 ; : : : ; l n ) P Z n such that for each j = 1; 2; : : : n; p does not divide l j , consider the free Z p action on S In [6] M. Izydorek and J. Jaworowski constructed for each k and n 2k 1 a map f from the n-sphere S n into a specic contractible k-dimensional complex Y such that f(x) T = f( x), for all x P S n . Thus the upper bound for dimension in theorem 4 is sharp for general cases.
Theorem 3 generalizes, in a certain sense, the result of Cohen-Connet [4] . Generalizations of the same nature of the Borsuk-Ulam Theorem with "nice" topological spaces X and Y satisfying some homological conditions can be found in [8] and [3] .
Proof of Theorem 1
Let us consider the free action of Z p on the sphere S 2n 1 generated by the map p;l as dened in the Introduction. If X is a simply connected Hausdor space equipped with a free Z p -action, then the diagonal action Z p ¢ (S ], where g P Z p is such that q P g ¡ U, provides a local trivialization of n;l . Thus n;l is a locally trivial bration over the Lens space L p (l) with X as typical ber.
With these notations we have the following 3 X. The continuity of F follows from the fact that for q P g ¡ U we have F (q) = g X 1 U S (q), where X :Ũ ¢ X 3 X is the projection onto X and we identify the element g P Z p with the homeomorphism g : X 3 X induced by the action over X.
Finally, to see that F is equivariant, let q H = g ¡q for some g P Z p then for the element
Thus there exists h P Z p such that q H = h ¡ q H and F (g ¡ q) = h ¡ (g ¡ F (q)). But the action on S 2n 1 is free, therefore h = 1 and F (g ¡ q) = g ¡ F (q).
In the light of the above lemma, to prove theorem 1 it is enough to prove the existence of a cross-section of n;l : S ¢ Zp X such that n;l = 1 Lp(l) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . in particular, is a cross-section of n;l . Let us prove now the existence of. Since the ber X of the bration n+1;l 0 is path connected, there exists a cross-section over the 1-skeleton of L P (l H ). The hypothesis that X is simply-connected implies X is j-simple for all positive integer j, so the obstruction to the existence of a cross-section over the j-skeleton of L p (l H ) is an element of the cohomology with local coecients, H j (L p (l H ); j 1 ), where the system of local coecients is formed by the groups j 1 (X [q] ), where X [q] is the ber over [q], and [q] runs over all points of the base space L p (l H ). The assumption that X=f p is j-simple for all 2 j < 2n 1 (together with the 1-connectivity of X) guarantees that the local system of groups j 1 is simple for 2 j 2n 1, i.e., the cohomology with local coecients H j (L p (l H ); j 1 ) reduces to the ordinary singular cohomology H j (L p (l H ); j 1 (X)) for all 2 j 2n 1 (cf. [10] ). Now to compute the cohomology groups we use the universal coecient theorem to conclude that H j (L p (l H ); j 1 (X)) $ = @ Hom Z (Z p ; j 1 (X)) if j is odd Ext(Z p ; j 1 (X)) if j is even but from the denitions of Hom and Ext we have Hom Z (Z p ; j 1 (X)) $ = f P j 1 (X) : p = 0g Ext(Z p ; j 1 (X)) $ = j 1 (X)=p j 1 (X) Hence, as X satises the hypotheses i) and ii) then H j (L p (l H ); j 1 (X)) = 0 for all 2 j 2n 1. Therefore there exists a lift of J restrict to L p (l), the (2n 1)-skeleton of L p (l H ), and the theorem 1 follows. Remark 1. Given integers m > n, it is well known that there is no equivariant map F : (S m ; a m ) 3 (S n ; a n ), where a m and a n are the antipodal maps. We note that for n even (S n ; a n ) satises all hypotheses of theorem 1 except that S n =a n = RP n is j-simple for each 2 j < m. Thus the assumption that the orbit space X=f p is j-simple can not be dropped.
Remark 2. The procedure of extending the cross-section performed above does not apply directly over the bration n;l , because in this case the obstruction to extend the cross-section to the (2n 1)-skeleton is an element of H 2n 1 (L p (l); 2n (X)) but this is isomorphic to Hom Z (H 2n 1 (L p (l)); 2n (X)), and since H 2n 1 (L p (l)) = Z we have
(L p (l); 2n (X)) = Hom Z (Z; 2n (X)) which, upon our assumptions about X, is not zero in general. Therefore, the theorem S implies that there exists some F j0 such that F j0 p (F j0 ) T = Y, and hence there exists some H j0 such that H j0 p (H j0 ) T = Y.
Thus we may assume that 0 < t < k + 1 and the theorem holds for fewer than t closed sets. We now show that it holds for t closed sets. Let (2) or (3) 
Proof of Theorem 3
Here we need the following theorem, which follows from the works of H. J. Munkholm [9] and E. L. Lusk [7] . 
If m ! k(p 1), it follows from item a) of theorem ML that there exists y P S m such that h(y) = h(( p;l ) j (y)), for all j = 0; 1; : : : p 1. Then if x = F (y) P X we have in a similar way as above that f(x) = f((f p ) j (x)) for all j = 1; : : : p 1.
Proof of Theorem 4
Here we use the following theorem due to Aarts, Fokkink and Vermeer [1] Theorem AFV: Let W be a paracompact, Hausdor space such that dim(W ) m. Suppose that is a xed point free involution of W . Then there exists a closed cover g = fC 0 ; C 1 ; : : : ; C k g of W with k m + 1 sets such that C j (C j ) = Y for each j = 0; 1; : : : m + 1.
To prove theorem 4, let us suppose by contradiction that f(x) T = f(f 2 (x)) for all x P X. Let 
